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Preliminary results

H: algebra of real quaternions
q = xo + ix1 + jxo + kx3
5 denotes the set of unit purely imaginary quaternions:

S={p=xii+xj+x3k : X12+X22+X§:1}
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Preliminary results

Given an open set D contained in € =2 IR? we can construct an axially
symmetric open set Qp as

Qp={g=x+1ly|z=x+iyeD, | €5}.

Definition

Let D C C be an open set and let z = x + iy be an element in D. Let «,
B : D — H be such that «(z) = a(z) and §(z) = —f(z) whenever
z,z€ D. Let f: Qp CH — H be defined by:

f(q) = f(x + ly) == a(x,y) + 18(x, y) (1)

for any g = x+ ly € Qp. Then f is said to be a slice function.
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Preliminary results

Definition

If o, 3: D — H are C* and satisfy the Cauchy-Riemann system:

Oa 0B _
ox Oy
Ja 0B
éTy-l-a—O

the function f is said to be a (left) slice regular function.
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Preliminary results

N(U) = {f slice regular in U : f(UNC,) CC;, VI €S}.

| A

Remark

f(x+1ly) =a(x,y)+18(x,y) € N(U) if and only if «, 3 are real valued.
Functions in the class NV are called quaternionic intrinsic (or radially

holomorphic) since f(g) = f(q).
All transcendental functions belongs to the class N.
If f e N(U), g € R(V) and f(U) C V then the composition g(f(q)) is

slice regular.

N
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Preliminary results

Theorem (Runge theorem)

Let K be an axially symmetric compact set, such that C; \ (K[ C)) is
connected for some (and thus for every) | € S, and let Q be an axially
symmetric open set with K C Q. For any f € R(Q), there exists a
sequence of polynomials P,(q), n € IN, such that P, — f uniformly on
K, as n — oo.
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Riemann mapping

Mergelyan theorem

Let K be a compact subset of the complex plane C such that C\ K is
connected. Then, every continuous function on K, f : K — C, which is
holomorphic in the interior of K, can be approximated uniformly on K by
polynomials.

The proof is based on Riemann mapping theorem. )
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Riemann mapping

Riemann Mapping Theorem (over C)

Let G C C be a simply connected domain, zy € G and let

D ={z € C : |z| <1} denote the open unit disk. Then there exists a
unique bijective analytic function f : G — D such that f(z) =0,
f'(z) > 0.

Definition

Functions defined on the open unit disc ID which are univalent and take
real values just on the real line are called typically real.
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Riemann mapping

Theorem

Let G C C, G nonempty, be a simply connected domain such that
GNR # (. For afixed xg € GNR, there exists a unique bijective,
analytic function f : G — ID with f(x) = 0, f'(x0) > 0. The following
are equivalent:

(1) =1 is typically real

(2) G is symmetric with respect to the real axis

(3) f is complex intrinsic.
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Riemann mapping

Remark

Let G C C be symmetric with respect to the real axis so the function f
as in the statement of the Riemann mapping theorem be intrinsic, i.e.
f(z) = f(z). By identifying C with C, for some J € § and using the
extension formula, we obtain a function ext(f)(q) which is quaternionic
intrinsic. Thus ext(f) € M (Q¢) where Q¢ C H denotes the axially

symmetric completion of G
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Riemann mapping

Definition
Denote by R(IH) the class of axially symmetric open sets Q in IH such
that Q2 N C; is simply connected for every | € 5.

Note that Q N C, is simply connected for every | € § and thus it is
connected, so Q is an s-domain.

Theorem

Let Q € )R(IH), B C H be the open unit ball and let xp € Q NR. There
exists a unique quaternionic intrinsic slice regular function f : Q — B
which is bijective and such that f(x) = 0, f'(xp) > 0.

| A

\
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Mergelyan-type approximation results on compact sets

Let ¥ C H be a bounded region which is starlike with respect to the
origin, and such that ¥ is axially symmetric, and C; \ (X (C/) is
connected for some | € 5. If a function f is slice regular in ¥ and
continuous in ¥ then the function f can be uniformly approximated in ¥
by polynomials.
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Mergelyan-type approximation results on compact sets

Theorem

Let T € R(H) be bounded and such that T NC; is a Jordan region in
the pIanEC,, for all I €S. If f is slice regular in T, continuous in T,
then in T the function f(qg) can be uniformly approximated by
polynomials in g.

| A

Corollary

Let T € R(IH) be bounded and such that T NC; is a Jordan region in
the plane C,. Let o € T. If a function f is slice regular in T and
continuous in T then f can be uniformly approximated in T by
polynomials which take the value f(«) at the point .

A
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Mergelyan-type approximation results on compact sets

Theorem

Let T € R(HH) be such that T NC, is a bounded Jordan region for all

I €S. Let {T,} be a sequence in 93(H) such that T C T, Tpy1 C Tp,
forall n=1,2,... and no point exterior to T belongs to T, for all n. Let
us assume that g = 0 belongs to T and that the bijective, quaternionic
intrinsic functions ®: T — B, ®,: T, >Ballmapg=0tow=0
and ¢’(0) > 0, ¢/(0) >0 for all n=1,2,.... Then:

lim ®,(q) = (q) (2)

n— o0

uniformly for g € T.

Irene Sabadini Proprieta di approssimazione di funzioni slice regolari




Mergelyan-type approximation results on compact sets

The proofs of the following approximation results are interesting from
two points of views:

a) they are completely constructive being based on convolutions with a
well-known trigonometric kernel;

b) they allow, in addition, to obtain quantitative estimate in terms of
the modulus of continuity (fact which does not happen in the
previous approximation results).
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Mergelyan-type approximation results on compact sets

Definition

The de la Vallée Poussin kernel is given by

(n!)? U\ 2n n!)?
Kn(u) = (2n)] (2cos 5) =1 +QZn_J()I()n+J)COS(_jU) ueR.
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Mergelyan-type approximation results on compact sets

Let £(q) = Y 4o G“ck, g € B(0; R), and let f be continuous on B(0; R).
Define the convolution operator of quaternion variable

Toi(f)(q) = % /j f(gel")K,(u)du, g e H\ R, g = re* € B(0;R)
Toa(N(0) = 5= | flae")Kofu)dt

g€ R\ {0}, g=|gle" € B(O;R),t=0o0rm, | €S
and

Tos(F)0) = 5-0) [ " Ko(u)du = £(0).

2T r
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Mergelyan-type approximation results on compact sets

Theorem (Quantitative approximation on compact balls)

Let R>0, B(O;R)={geH;|g| <R}, K=B(0;R) and f : K - H
be continuous on K and slice regular on the interior of K,

int(K) = B(0; R). Then for any & > 0 there exists a polynomial P such
that |f(q) — P(q)| < e for all g € K.

In fact, for all g € B(0; R) and n € IN we have

Pn(q) — f(q)l < 3(R+ 1)wi(f; 1/v/n),
where wy(f; 6) = sup{|f(v) — f(v)|;u,v € B(0; R),|u— v| <4} and
P.(q) are the polynomials given by

n!)?

Pa(a) = Tos (@) = 3 d'ci- (f),( g € B(0,R)

where f(q) = Y7, g“ck for g € B(0; R).
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Mergelyan-type approximation results on compact sets

For go = xo + Iyo € H, with x0,y0 € R, yo >0,/ € $ and R > 0, let us
denote

B(xo + y08; R) = {q € H; |(q — x0)* + y5| < R*}.
A set of the form B(xp + ¥5; R) will be called Cassini cell (it is defined

by means of the so-called Cassini pseudo-metric). If yo = 0, then clearly
we have B(xp + Syo; R) = B(xo; R).
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Mergelyan-type approximation results on compact sets

Theorem (Quantitative approximation on Cassini cells)

Let go = xp + Iyo € H, with x0,y0 € R, yp >0,/ €% and R > 0. If

f: B(xo + y05; R) — H is continuous in B(xp + ¥05; R) and slice regular
in B(xo + ¥05; R), then for any € > 0 there exists a polynomial P such
that |f(q) — P(q)| < e for all g € B(xo + %5; R).

In fact, for all g € B(xo + y05; R) and n € IN we have

[Va(F)(@) = f(@) < 3(R+ D)ws(f; 1/v/n),

where V,(f)(q) is a suitable polynomial.
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Mergelyan-type approximation results on compact sets

Let 002 be the boundary of an open set belonging to R(H) and
containing the origin and let us assume that 02N C; is a Jordan curve
for any | € S. Then a continuous slice function f on OS2 can be uniformly

approximated on OS2 by polynomials in g and q—*.
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Universality properties

Universality properties

Let Dr = {z € C;|z| < R} and

Mg = {K; K compact , K C (C\ Dg) with C\ K connected }.
Then g(z) = Y_;2, akz" converging on D has the universal
approximation property, if for any K € Mg and any f : K — C,
continuous on K and analytic on the interior of K, there exists a
subsequence (Sy, (z))ken of the partial sums sequence of g such that
limk—s 00 Sn, (2) = f(2) uniformly for z € K.
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Universality properties

Universality properties

Definition

We say that the phenomenon of almost universal power series holds, if
there exists a power series of radius of convergence R, with the property
that for any open set Q such that Q(IDg = (), and any compact set

K C Q such that C\ K is connected, given any function f : Q — C
analytic in €, there exists a subsequence of the partial sums sequence
which converges uniformly to f on K.
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Universality properties

Universality properties

Definition

Let Q C H be an open set and let F(2) be the set of all axially
symmetric compact sets K C Q, such that C,; \ (K N C,) is connected for
some (and hence for all) / € 5.

Irene Sabadini Proprieta di approssimazione di funzioni slice regolari




Universality properties

Universality properties

Theorem

There exists a quaternionic power series S(q) = " -, q¥ak, with radius
of convergence 1 such that, denoting by S,(q) the n-th partial sum

> k_oq¥ak of S, it holds: for every K € F(H \ B(0; 1)), for every axially
symmetric open subset Q of H containing K and for every f € R(Q),
there exists a subsequence (S, (q))ken of the partial sums of S such
that Sp, (q) — f(q) uniformly on K, as k — oo.
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Universality properties

Universality properties

Lemma

Let K € F(IH\ B(0; 1)) and let Q be an axially symmetric open subset of
H containing K. Then, every f € R(Q2) can be uniformly approximated
on K by polynomials p,(q) = ano + gan1 + ... + g"a, » such that
liMn_yo0 D 4o |ank|? = 0. In particular, every f € R({2) can be uniformly
approximated on K by polynomials p,(q) = ano + gan1 + ... + q"an.n
whose coefficients a, ; satisfy |a, ;| <1, j=0,1,...,n.
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Universality properties

Universality properties

Theorem (Birkhoff-Seidel-Walsh)

There exists an entire function F(z) such that given an arbitrary function
f(z) analytic in a simply connected region R C C, for suitably chosen
ai, ap, ... the relation

lim F(z+ a,) = f(2)

n—o0

holds for z € R uniformly on any compact set in R.
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Universality properties

Universality properties

Theorem

There exists a quaternionic entire function F(q) such that given an

arbitrary function f(q) slice regular in a region Q € R(IH), for suitably
chosen ay, ap,... € R the relation

lim F(q+an) = £(q) ©)

holds for g € Q uniformly on any compact set in F(IH) contained in .

v
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Universality properties

Universality properties

Theorem

There exists an entire slice regular function F such that the set
{F(Y o is dense in R(H).

Theorem

Let E C H be a (not necessarily bounded) closed, axially symmetric set
with no holes and such that for any closed ball B of center at a real
number, the union of all holes of E | J B is a bounded set. If f is a slice
regular function in an neighborhood of E, then for any € > 0, there exists
an entire slice regular function h such that |f(q) — h(q)| < ¢, for all
qgcE.
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